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1. I~vTR~DuCTI~N 
Let E be a locally convex, real Hausdorff vector space, and let E’ denote 
the dual space of E, i.e., the vector space of all continuous linear functionals 
on E. We shall study systems of linear inequalities of the form 
f (4 3 %J for ” EI, (1) 
where {zc,>,,~ is an indexed set of elements of E, and ~~~~~~~~ is a corresponding 
set of real numbers. The system (1) is said to be consistent, if there exists an 
f E E’ satisfying (1). The set 1 of indices is of arbitrary cardinalitv, finite or 
infinite. 
Finite systems of linear inequalities have been well studied [I], [2], [3]. 
Some of the results in [2] are valid for infinite systems. In a recent paper [4] by 
Zhu, some of the known basic results for the finite systems of linear inequal- 
ities have been extended to the general case where the set I of indices need 
not be finite. Denote by R the real line, and consider the topological product 
vector space E x R. Zhu defines the reference cone of system (1) as the closed 
convex cone in E x R spanned by ((sy , OL”))~~[ and (0, - I), where 0 stands 
for the zero element of E. Zhu’s results concerning system (1) are formulated 
in terms of its reference cone. 
In the present note, instead of using the reference cone, our results con- 
cerning (1) will be formulated in terms of the closed convex cone in E x R 
spanned by {(xy , OL,)},~~. These results form a natural, direct extension of the 
known results for the case of finite systems. 
2. RESULTS 
In the statements of the following results, the closed convex cone in E x R 
spanned by k, S&I will be denoted by C. Thus C is the smallest closed 
set in E x R satisfying C + CC C and XC C C for all h > 0, and con- 
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taining all (xy , a,), u ~1. The set of solutions formed by all f E E’ satisfying 
(1) will be denoted by S. 
THEOREM 1. The system (1) is consistent, if and only ;f the element (0, 1) of 
E x R is not in C. 
PROOF. Assume that (1) is consistent. Consider an f E S. The element 
(f, - 1) of E’ x R represents a continuous linear functional y on E x R. 
We have T(X” , a”) = f (xJ - a, 2 0 for all v E I. Since C is the closed convex 
cone in E x R spanned by {(xv, CL,)},~~, it follows that ~(x, a) > 0 for all 
(x, a) E C. But ~(0, 1) = f (0) - 1 = - 1, so (0, 1) 4 C. 
To prove the converse part, we assume now that (0, 1) $ C. In the locally 
convex topological vector space E x R, there is a closed hyperpiane which 
separates strictly the closed convex cone C and the point (0, 1). In other 
words, we can find v = (f, a) E E’ x R and a real number b such that 
dx, 4 =f(x) + aa: > 6 for (x, a) E C, (2) 
and 
v(O, 1) = f(0) + a = a <b. (3) 
Since hC C C for all h > 0, (2) implies that 
f(x) + aa > 0 for (x, a) EC. (4) 
As C contains the element (0,O) of E x R, (2) also implies b < 0. Then we 
see from (3) that a < 0. Consequently (4) may be written 
( ) 
-$ (x)-a>0 for (x, a) E c. 
Hence -f/a E S, and (1) is consistent. 
For a finite system 
f(xi) b ai (1 <i ,<n), (5) 
where X~ E E and ai E R, Theorem 1 specializes to the following well-known 
result. 
COROLLARY 1. The jinite system (5) is consistent, if and only if fm any B 
non-negative numbers hi > 0 (1 < i < n), the relation xtl A+ri = 0 implies 
C:i.l hai < 0. 
THRORRM 2. Let the system (1) be consistent, und bt (y, /3) E E x R. Thezz 
the relation 
fQ>B (6) 
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is a consequence qf (1) [i,e., (6) is satisfied by every f E S], if and only if there is a 
real number y such that y > p and (y, y) E c’. 
PROOF. Assume that there is a real number y :Z /3 such that (y, y) E C. 
LetfE’Sandq=(f,-1)EE’x R.Thenq(s,a)=f(a)--G:Oforall 
(s, a) E C. In particular, ~(y, y) =f(y) - y 3 0, whence f(y) > /3. Hence 
(6) is a consequence of (1). 
To prove the converse part of the theorem, let us assume that 
h Y) e c for every y ;>p. (7) 
This implies that 
(Q,fP+(l -t))+C for 0 << t :$I 1. (8) 
In fact, since (1) is consistent, Theorem 1 gives us the case t = 0 of (8). If 
O-,t...:1, (7) implies (y, p + (I - t)/t) $ C and therefore 
(tr, tP + (1 - t)) $ c. 
ilccording to (8), the closed convex cone C and the compact convex set 
((tr, tP + (1 - t)) : 0 < t < l} are disjoint, so they can be strictly separated 
by a closed hyperplane in E x R. Let v = (f, a) E E’ x R and b E R be such 
that 
9(x, a) = f (x) + au > b for (x7 4 6 c, (9) 
and 
dty, tfi + (1 - t)) -=c b for O<t<l. (10) 
Because C is a closed convex cone in E x R, (9) implies that 
v(x, 4 =f (4 + am 3 0 for 
and b < 0. Consequently (10) implies that 
f (9) + alI@ + (1 - t)l < 0 for O<t<1. (12) 
From the case t = 0 of (12), we see that a < 0. Let g = - (f/a). Then 
g E S by (11). But the case t = 1 of (12) yields g(y) < /3. Hence (6) is not a 
consequence of (1). 
For finite systems, Theorem 2 specializes to the following classical theo- 
rem of Farkas: 
COROLLARY 2. Let thefinite system (5) be consistent, and let (y, p) G E x R. 
Then the relation (6) is a consequence of (5), if and only if there exist n non- 
negative numbers Ai > 0 (1 < i < n) suclz that 
(13) 
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THEOREM 3. Let the system (1) be consistent, and let y be an element in E. 
Then the infimum InffEsf (y) is $nite, if and only if there is a real number y 
such that (y, y) E C. Furthermore, when this condition is satisjed, then the 
infimum off (39 as f varies in S, is equal to the largest real number /3 satisfying 
(n rs) E c. 
Proof. The infimum Inff,rf (y) is finite, if and only if there is a real 
number /3 such that the relation f (y) > /3 is a consequence of (1). Therefore, 
by Theorem 2, InffEsf (y) is fi ni e i an only if there is a real number y t , f d 
such that (y, r) E C. 
Assume now that (y, r) E C for some y E R. Let fl = InfpESf (y). Then 
/3 > - co. For every E > 0, the relation f (y) 3 fl + E is not a consequence 
of (1). Then, by Theorem 2, (y, p + E) $ C for every E > 0. But f (y) > /3 
is a consequence of (I), so (y, y) E C for some y 3 8. Hence (y, /3) E C, and 
/I is the largest real number satisfying (y, /3) E C. 
For finite systems, Theorem 3 becomes the following known result: 
COROLLARY 3. Let the Jinite system (5) be consistent, and let S be the set 
of all f E E’ satisfying (5). Let y E E. Then the injimum Inf+,f (y) is finite, if 
and only if y is a linear combination of x1 , x2 ,..., x, with non-negative coefi- 
cients. Furthermore, when this condition is satisjied, then the maximum of 
& Xiai , when A, , A, ,..., A, vary under the conditions hi 3 0 (1 -< i < n) 
and y = Cy=“=, &xi , is actually attained and is equal to InffGsf (y). 
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